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We study localized wave on continuous wave background analytically in a nonlinear fiber with
higher order effects such as higher order dispersion, Kerr dispersion, and stimulated inelastic scatter-
ing. We present an exact rational W-shaped soliton solutions, whose structural properties depend on
the frequency of the background field. The hump value increase with the decrease of the background
frequency in the certain regime. The highest value of the W-shaped soliton can be nine times the
background’s, and the distribution shape is identical with the one of well-known eyes-shaped rogue
wave with its maximum peak. The numerical stimulations indicate that the W-shaped soliton is
stable with small perturbations.
PACS numbers: 05.45.Yv, 42.65.Tg, 42.81.Dp
I. INTRODUCTION
Recently, Kuanetsov-Ma soliton, Akhmediev breather,
and Peregrine soliton have been observed in nonlin-
ear fiber [1–3], which provides a good platform to
study dynamics of nonlinear localized waves on contin-
uous wave (CW) background conveniently. These ex-
perimental studies show that the simplified nonlinear
Schro¨dinger(NLS) equation can describe the dynamics
of localized waves well. For nonlinear fiber, the simpli-
fied NLS just contain group velocity dispersion (GVD)
and its counterpart self-phase modulation (SPM). The
propagation of femtosecond pulse is tempting and desir-
able to improve the capacity of high-bit-rate transmis-
sion systems. But for ultrashort pulses whose duration
are shorter than 100fs, in addition to the SPM, the non-
linear susceptibility will produce higher order nonlinear
effects like the Kerr dispersion (otherwise called the self-
steepening) and the stimulated Raman scattering (SRS).
Apart from GVD, the ultrashort pulse will also suffer
from third order dispersion (TOD). These are the most
general terms that have to be taken into account when ex-
tending the applicability of the NLS [4, 5]. With these ef-
fects, the corresponding integrable equation was derived
as Sasa-Satsuma(S-S) equation [6].
The studies on S-S model indicate that the nonlin-
ear waves in nonlinear fiber with these high-order effects
are much more diverse than the ones for simplified NLS
model [6–11]. Recently, it was found that the high-order
effects could make the RW twisted, and the rational so-
lutions of S-S equation had distinctive properties from
the ones of the well-known NLS equation [12, 13]. The
Linearized Stability Analysis of S-S model in [7] suggests
that there are both modulational instability and stabil-
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ity regimes for low perturbation frequencies on the CW
background. The rational solutions obtained in [12, 13]
are all in the modulational instability regime. Then, we
can expect that the soliton solution could exist on the
CW background in the modulational stability regime.
In this paper, we study on analytical rational solu-
tions of the S-S equation through Darboux transforma-
tion method. We present an exact rational solution on
CW background of S-S model, which corresponds to W-
shaped soliton and involves in the modulational stability
regime [7]. It does not describe the dynamics of RW,
in contrast to the rational ones of the simplified NLS,
which have been used to describe RW phenomena pho-
tographically [14–17]. Its dynamics is similar with the
W-shaped soliton reported in [8]. But the solution form
is distinctive from the ones in [8] which has a nonrational
form, and their distribution shapes are distinguished too.
Furthermore, we discuss the stability of the rational W-
shaped soliton through numerical stimulation method.
II. THE S-S MODEL AND CONTINUOUS
WAVE BACKGROUND
According to the original work of Sasa and Satsuma
[6], the evolution equations for the optical fields in a fiber
with the high-order effects mentioned above can be writ-
ten as
iEz +
1
2
Ett + |E|2E + iǫ[Ettt + 6|E|2Et + 3E|E|2t ] = 0.(1)
Here, an arbitrary real parameter ǫ scales the inte-
grable perturbations of the NLS equation. The units are
dimension-less after performing proper scalar transfor-
mation. When ǫ = 0, Eq. (1) reduces to the standard
NLS equation which has only the terms describing lowest
order dispersion and self-phase modulation. The soliton
solutions have been presented on the zero background
in [18–20]. Here, we study rational solutions on a CW
2background,
E0(t, z) = c exp [iθ1] exp [
i
6ǫ
(t− z
18ǫ
)], (2)
where
θ1 = wT + ǫw
3z − 6ǫwc2z,
and T = t − z
12ǫ
. c denotes the background amplitude.
w is the frequency of the optical background field. Per-
forming the Darboux transformation [21] from the above
seed solution, one can derive kinds of localized waves so-
lution. Notably, we find a new type rational solution on
continuous background with some certain conditions on
the background’s amplitude and frequency c ≥ 2w.
FIG. 1: (color online) The distribution shape of the rational
solution |E(t, z)| at z = 0 with w = 0 (red solid line), w = 0.3
(green dashed line), and w = 0.5 (blue dotted line). The
parameters are c = 1 and ǫ = 0.1. It is seen that the humps’
value is inversely proportional to the value of the background
frequency in the regime 0 ≤ w ≤ c
2
.
We find that the rational solution does not correspond
to rogue wave, in contrast to the ones of the simplified
NLS [1, 22–24]. Its dynamics corresponds to soliton’s
which has a stable distribution shape with evolution, and
the distribution shape like a “W” which has one hump
and two valleys on the hump’s two sides. Therefore, we
call it rational W-shaped soliton. For S-S model, the
instability regime are quite different from the simplified
NLS, which just involves instability around low pertur-
bation frequencies on continuous wave background. The
Linearized Stability Analysis in [7] suggests that there
are both modulational instability and stability regimes
for low perturbation frequencies on the continuous wave.
Based on these results, we can qualitatively know that
the rational solutions reported in [12, 13] are in the mod-
ulational instability regime since the solution’s dynamics
corresponds to rogue wave behavior. Then, the ratio-
nal solution obtained here should be involved with the
modulational stability regime.
(a)
(b)
FIG. 2: (color online) (a) The evolution of the rational solu-
tion |E(t, z)| with w = c/2. (b) The cut plot of (a) at z = 5.
It is seen that the highest density value of |E(t, z)|2 is four
times the background’s. The parameters are c = 1, w = 0.5,
and ǫ = 0.1.
Moreover, we find that the intensity values of the
W-shaped soliton’s hump and valleys depend on the
value of the continuous wave background’s frequency w.
The hump’s value increase with the decrease of w, for
0 ≤ w ≤ c
2
, shown in Fig. 1. The lowest value of the
hump can be four times the background’s with w = c/2,
and the biggest value of the hump can be nine times the
background’s with w = 0. Since the generalized ratio-
nal solution is quite complicated, we do not present it
explicitly here. However, we can obtain explicit and sim-
pler form from the solution with some certain condition.
As examples, we show two cases with w = c/2 and w = 0
separately as follows.
3(a) (b)
FIG. 3: (color online) (a) The evolution of the rational solution |E(t, z)| with w = 0. (b) The cut plot of (a) at z = 0. It is seen
that the highest density value of |E(t, z)|2 is nine times the background’s. The distribution structure is identical to the one of
well-known eye-shaped rogue wave at its maximum peak emerging moment. The parameters are c = 1, w = 0, and ǫ = 0.1.
(a) (b)
FIG. 4: (color online) (a) The numerical evolution of |E(t, z)|2 from the initial condition given by the rational solution E(t, z = 0)
with w = 0. The evolution agrees well with the exact one in Fig. 2(a). (b) The numerical evolution of |E(t, z)|2 from the
initial condition E(t, z = 0) + 0.02sin(0.05t). It is shown that the W-shaped soliton is robust with the small perturbations.
The parameters are c = 1, w = 0, and ǫ = 0.1.
III. TWO EXPLICIT CASES FOR THE
RATIONAL W-SHAPED SOLITON SOLUTION
Case 1: Under the condition w = c
2
, the background
amplitude can be set as c = 1 without losing generality,
the exact rational solution of Eq. (1) can be simplified
as
E[t, z] =
{
i
√
3− 1
2
+
2
[−99(√3 + i)ǫz + 12(√3 + i)T + (−3 +√3 + 2√3i)(8 − 8i)]
−3267ǫ2z2 + 8T [99ǫz + 4(√3− 6)]− 264(√3− 6)ǫz − 48T 2 + 32(2√3− 7)
}
· exp [ i
6ǫ
(t− z
18ǫ
) +
1
8
i(4T − 23zǫ)]. (3)
4The evolution of the rational solution is shown in Fig. 2.
It is seen that there are two valleys and one hump which
are kept very well with the propagation distance. The so-
lution corresponds to a stable soliton solution although
it has rational solution form. This is quite different from
the rational solution presented in [12, 13]. The soliton’s
shape is similar to the “W”-shaped soliton presented in
[8]. But the middle highest hump is much higher than
the background, and its |E|2 value is four times the back-
ground’s density value, which is distinctive from the ones
presented in [8]. To demonstrate these differences, we
calculate the hump’s value |E|2
h
= 4 and its valleys’ val-
ues are both |E|2v = 58 , with c = 1. Their corresponding
trajectories are all straight lines on the temporal-spatial
distribution plane. For the lines, ∂t
∂z
= 99ǫ
2
+1
12ǫ
, it is seen
that the parameter ǫ determines the value, which sug-
gests that these high-order effects affects the localized
wave’s velocity on the time.
Case 2: With w = 0 and c = 1, the generalized rational
solution can be simplified as follows,
E[t, z] =
[
−1 + 2
4T 2 − 2T (48zǫ+√2− 4) + 576z2ǫ2 + 24(√2− 4)zǫ− 2√2 + 5
]
· exp [ i
6ǫ
(t− z
18ǫ
)]. (4)
Interestingly, the density peak of |E|2 is nine times the
backgrounds, and the minimum density value is nearly
zero, shown in Fig. 3. The distribution shape is identi-
cal with the well-known fundamental RW solution with
highest peak value of the simplified NLS [1, 22–24]. These
characters are different from the fundamental W-shaped
soliton in Case 1. Moreover, we find that the maximum
value of the W-shaped soliton is nine times the back-
ground’s with the condition w = 0. The corresponding
solutions with frequencies in the regime 0 ≤ w ≤ c
2
are
simple rational solutions, which are all different from the
results presented in [12, 13].
IV. DISCUSSION AND CONCLUSION
We present an exact rational solution of S-S equation,
which can be used to describe W-shaped soliton in a
nonlinear fiber with higher order effects such as higher
order dispersion, Kerr dispersion, and stimulated inelas-
tic scattering. Significantly, we find the hump value of
the W-shaped soliton depends on the frequency of the
background field. The value is inversely proportional
to the value of the background frequency in the regime
0 ≤ w ≤ c
2
. The highest value of the W-shaped soliton
can be nine times the background’s with w = 0, and the
distribution shape is identical with the one of well-known
eyes-shaped rogue wave with its maximum peak. The
lowest value of the soliton can be four times the back-
ground’s with w = c/2, and the valleys’ values are 5/8 of
the background’s density value. Finally, we stimulate the
rational W-shaped soliton through the split-step Fourier
method. The numerical results suggest that the soliton
is stable under small perturbations. As an example, we
show the case for the rational solution with w = c/2 and
c = 1 in Fig. 4. In Fig. 4(a), we stimulate the evolution
of the initial pulse corresponding to the ones in Fig. 2(a)
at z = 0. It is seen that the stimulated one agree well
with the exact one. Furthermore, we add some small per-
turbations on the initial pulse asE(t, z = 0)+0.02sin(bt).
The numerical results indicate that the W-shaped soliton
is stable under the perturbations, such as the one in Fig.
4(b) with b = 0.05.
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